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The “classical” two-stage stochastic program can be formulated as follows:
; — AT
ming(x, w) = ¢ x + E[Q(y(x, w))]
X

Where:

X represent the vector of first-stage decisions
W represent the vector of uncertain outcomes
y(x,w) represent the vector of second-stage decisions
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The standard approach to solve this problem numerically:
I.  Assume that vector w has a finite number of realizations (scenarios) w;.. w,

ii. with respective (positive) probabilities p,..p,| X 1p =1

uncertainty
realization
1

...................

i 1 stage decision ' ' 2 stage decision

.....................

(investments) ' ' ' (system operation)i

lil. Then the problem can be reformulated with a deterministic LP equivalent

X, Y1,-Yn

N
min_ c"x+ > pp QUn(x, @)
n=1
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min max min X,Y,u
XEX ueu yEY(xuf( Y )
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C =10 C=5
Source: Antonio J. Conejo d € {3,5}
A
A lecture on adaptive robust optimization, DTU, ‘
13 June 2019. 2 — 1
https://www.youtube.com/watch?v=Zk6y8j0QLNQ
x € {2,4}

« A planner has the option of building just one of two alternative lines with a
capacity of 2 or 4. Per unit cost of investment is 1.

» At node 1, a generator with per unit production cost of 5.

« At node 2, a generator with per unit production cost of 10.

« Demand is at node 2 and can take values either 3 or 5.



https://www.youtube.com/watch?v=Zk6y8joQLNQ
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C =10 C=5
Source: Antonio J. Conejo d € {3,5}
A
A lecture on adaptive robust optimization, DTU, ‘
13 June 2019. 2 — 1
https://www.youtube.com/watch?v=Zk6y8j0QLNQ
x € {2,4}
min max min Z =1x+ 5y, + 10y, Given the simplicity of

x€{2,4} de{3,5} y1,y>,=20

s.t. v, +y, = 10 this problem, it can be

v, < x solved by enumeration.

... a few important notes before moving on.



https://www.youtube.com/watch?v=Zk6y8joQLNQ

b-tu

Brandenburgische

Illustrative case: 6-node system Techmische Oniversit

Cottbus - Senftenberg

Region B

Region A

Node 1

An illustrative case is based on Conejo, A. J., Baringo, M. L., Kazempour, S. J., & Siddiqui, A. S.
(2016). Investment in Electricity Generation and Transmission: Decision Making under Uncertainty.
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min z Xl +o Z C P + z Cr° Py [1.a]
leql+ g d

s.t.

A= {xt, Pt PE PLS g
{ l lr»'g d n} lelL < Iﬁm" [1.b]

leqlt

xt={01) vieqr [

g

geak ls(D=n Ur(D=n deal
P = Bi(0s — Ory) VINL € QM el
Pl = XtB)(650) — 0ry) VI E QLY [1.1]
—Fmex < pl < pmar yl  [Lg]
0< pf < P/™ vg [1.h]
0 < PS5 < pPmax yq [1.1]
—T<6,<m vVn [1.]
0, =0 n:ref. [1.K]
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min z Xl +o Z

leQL+ g

A= {xf, PE PF,PE, 6,)

C P + z clopks
d

s.t.

leal+
Xr={01} vlea

RgE _ Z PlL + z PlL — z (Pcll)max _ pé,S) vn

geak ls(D=n lr()=n deql
PlL = Bl(esa) - er(l)) vi\l € Qb+

nonlinear term —_ Pt = X'By(050) — 0r)) VI € QM
—F"* < pl < F™* vl

0< pf < P/™ vg

0 < P} < pPmax yq

—nm<0,<m vVn
0,=0 n:ref.

[1.a]

[1.b]

[1.c]

[1.d]

[1.e]
[1.1]
[1.9]
[1.h]
[1.0]

(1.]]
[1.K]
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; T vL EpE LS pLS
mAanIle+a ch}?g +sz P;
d

lEQL+ g s.t.

TZXZL < [max
leql+

Xt ={0,1} vieqtt

Z Pf — z Pl + z Pt = z (ppmax — pIS)  wn
gent ls(D=n Ur()=n deQPl

PlL = Bl(gs(l) — 91‘(1)) VIl € nL+

_Flmax S PlL S Flmax vl\l = QL'l‘

—X{F"* < Pl < X[F"* vie ot

—(1—-x/)M <P —B)(6s0y — Ory) < (1 — X} )M Vie 0+t

0< Pf < Pj™* vg

0< Py < pY™™* vd

Tt 6, <m Vn

0,=0 n:ref.

A= {X;, P, B, Py, 00}

MILP reformulation {

[1.a]

[2.b]

[2.c]

[2.d]

[2.e]
[2.1]
[2.9]
[2.h]
[2.1]

[2.]]
[2.K]

[2.1]
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Introducing polyhedral uncertainty set and “uncertainty budget” constraints:

—

PgEmax = [0’ PgEmax] Vg if ]"Gz 0 - PgEmax — PgEmax

- if FG= 1 - PgEmax € [0, PgEmaxl

Zg( PgEmax _ PgEmax)

SIS < re if T6=0.2 - up to 20% of
g - generation capacity may be
pbmax ¢ lpgmax’ P}i’ma"] vd unavailable
Sa(PE™ — P™M)
< r®

Zg( Pcli)max _ Pcli)max)

re,r® ={0..1}

11
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Let’'s merge together:
1. Adaptive robust problem
2. MILP formulation of expansion planning problem

3. Uncertainty sets

12
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A A R leQL+ d

|
%E_ Z PlL+ z Z( Dmax P;S) Vn:[3.b]
genkE l|s()=n llr(D)=n den? |
Pl = Bl(es(l) — r(l)) vl \l € oLt | [3 q
ety Pl = X[B/(6sqy — 6rpy) VI E QM ' [3.d]
—Fmex < pL < Fmax y] i [3.€]
0< PE < iM% vg ! [34]
0 < PiS < ppmax Vd:[s.g]
—T[< 0,< T Vn|[3h]
_________________________________ 6 :_()__n_rej__ [3.1]

i PgEmax € lo, PgEmaxJ Vg i [3_1]
|
| Z PEmax_ PEmax |
e K
L : Zg(P ) :
| PDmax € lpgmax PDmaxJ vd : [3_|]
! |
: Zd( pbmax _ Pcll)mm) . :
| —— < P | [3.m]
B it i N
1
I |
| Lxf < M [3.n]
___________________________ 1 lel+ :
| XL ={01} vlE nlt | [3.0]
| .

13
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Karush—Kuhn—Tucker conditions )

» Let us consider the problem:

min F (x) [4.2]
’ . [4.b]

s.t. gi(x)<0 () Vi=1,..n
, [4.c]

» For this problem, the KKT conditions are:

VE() + X AV () + X7, 1Vhi(x) <0 L x>0 [4.d]
0= gi(X) 1 )\i >0 Vi=1,..n [4.€]
0=nhi(x) free Vi=1,..m [4.1]

The solution stationarity is ensured by the equation [4.d].
Equations [4.e] and [4.f] ensure complementarity and feasibility of a solution

14
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max o E C P + E Cr Py pEma: € [0, pFax|  vg [5.ab]
g d pEmax _ pEmax
2g(fy ) < ¢ [5.ac]
E
AM — {meax'Pé)max’ I?QE, Pé's, PlL» 0,, Zg(Pg max)
Anr ¢lL' lL+r leax’ lein’ lEmax’ ¢{3‘min,PdDmax' lein, {Vmax, lein, P‘;Jmax € lp‘?max, Pcll)maxJ vd [5.ad]

Xa(Pg™™ = Pg™™)

< TP [5.ae
¥ (PDmax N PDmax) - [ ]
g\ d d

B — Z P+ Z Pl = Z(pgmax—pg) VN [5.af]

gear ls(D=n lr(M=n deal
For KKT we need: Pt = B/(850) — 6rn) VI\L € QM [5.ag]
. ” Pt = XF*Bi(6sy — 0-@y) VI E QM [5.ah]
1. Feasibility conditions _pmax < pL< pmax vl [5.ai]
. E E -
1. Constraints of level 2 0<p = p" vg [5.4]
0 < P < pPmax yvd [5.aK]
2. Constraints of level 3 —m<6,<m vn [5.all

0, =0 n:ref. [5.am]

15
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B +

INeQLt|s(D)=n

Bipr +
NeQLt|s(D)=n 1eqQlt|s(l)=n

leQlt|s(D)=n

For KKT we need:
1. Feasibility conditions
1. Constraints of level 2
2. Constraints of level 3
2. Stationarity conditions

3. Complementarity conditions

X Bplt —

X Bprt —

NEeQLt|r()=n

Big; —

NeQt|r(D=n

B —

...... [tbc]

0C§ = An(g) + DG — pg™ ™ =0 Vg [5.an]

C _ An(d) + ¢Dmax _ ¢3min =0 Vvd [5.ao]

Asy = Ay — F + I — pP™ M =0 VIl € QLT [5.ap]

Asy — Ay — LT+ S — p™M =0 VIE QM [5.aq]

XU Bt + ¢ — p™M = 0 Vn\n:ref [5.ar]
leQLt|r(D=n

XU B + M —
leQt|r()=n

pNmin _ yref = 0 niref [5.as]

0< ™™ L F" =Pl =0 VI [5a]
0<¢/™" L PL+F" 20 VI [532u]

0 GET L BEM - 20 Vg (5
0<¢pf™mn 1L PE>0 vg [5.aw]

0 < ppmax | phmax _ plS > vd [5.ax]
0<¢P™" L Py 20 Vd [5.ay]

0< oM™ | 1—6,=0 Vn [5.az]

0< q_',Nmm L O0,+m=0 Vn [5pa]

16
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Bip; + Z XU*Bipr* —

INeQLt|s(D)=n leQlt|s(D)=n

B¢y + z XP*Bipr* —

N\EQLt |s(D)=n leQlt|s(l)=n

For KKT we need:
1. Feasibility conditions
1. Constraints of level 2
2. Constraints of level 3
2. Stationarity conditions

3. Complementarity conditions

0CF = An(g) + P = p5™ " =0 Vg [5.an]

0CE — Apqay + QI — pE™" =0 vd [5.a30]

Ay = Ary — F + QI = p™ M =0 VINLE QM [5.ap]
Ay = Ary — DL+ S = p™ =0 VIE QM [5.aq]

Bigb— ) XFBiHt + ¢l — gl =0 v\niref [5.ar
NEeQLt|r()=n leQLt|r(D=n

Bigr — Z XU Bt + ¢ — ™ — x7ef = 0 niref [5.as)
NeQt|r(D=n leQt|r()=n
0< ™™ L F"™ —Pl>0 VI [5.at]

0< ™™ L PE+F™ >0 VI [5.a4]
0< /M L PFm* —PE>0 Vg [5.av]
again nonlinear terms... 0<¢/™" L P20 Vg [5aw]
but there is a trick! | 0.<¢P™™ L pP™* —piS >0 vd [5ay
0<¢/™ L Pi®=0 Vd [5ay]
0< "™ Lmr—6,20 Vn [5.az]
0< ™™ 1L 6, +m >0 Vn [5ba]

 —

17
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0<ai1b=0
Implies:

a=>0b>0andab =0

It can be reformulated as:
a=0
b=0
a < Mu
b<M(1-u)

Where:
* uisan auxiliary binary variable
e Mis alarge positive constant

18
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(or Berders-primal) algorithm

Zeng, B., and Long Z.“Solving two-stage robust optimization problems using a
column-and-constraint generation method.” Oper. Res. Lett. 41 (2013): 457-461.

Bertsimas, D. et al. “Adaptive Robust Optimization for the Security Constrained
Unit Commitment Problem.” IEEE Transactions on Power Systems 28 (2013): 52-
63.

[A book] Conejo, A. J., Baringo, M. L., Kazempour, S. J., & Siddiqui, A. S. (2016).
Investment in Electricity Generation and Transmission: Decision Making under
Uncertainty. DOI: 10.1007/978-3-319-29501-5
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: 7yl
nAl}/zn LX +7

leql+

_{Xl; lvl;PE l;PLS envi'n}

dvl;

PP -
gv

genk ls(D=n

Three things to consider:

1.
2.

3.

Auxiliary variable n

Constraints [6.d] — [6.]] have index v

pbmaxx gng pEmax+ gre fixed

(they are results of a subproblem)

L

EXZL < [max

leql+

Xt =1{0,1} vileqtt

Z (Pé’;’;“x* - pLs i) vn, Vvl < v

L _
z Pl,vi_

Ur(D)=n deQl

lv

Ly
Fmax < PL < Fmax

0 < Pall,Sl < PDmax*

-T< 0,

n=o lz CEPE it z CLSPLS

Phi= B (Byypi = Opyi) VINLE O, W0l
Phi= XtBi 8,0y — Orppi)  VLE QM VY
VI, Vvt
0< PE S S PEmax* Vg, Vv!
vd, Vv
i< T VYn, Vv
6, l—O nref.vvt < v

[6.b]
[6.c]

[6.d]

<v [6.€]

<v [6f]

[6.0]
[6.i]
[6.i]

[6.]]
[6.K]

<v
<v
<v

<v

=V [6.]

20
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A subproblem is a level 2&3 merged problem [5.aa] - [5.ba]
in which a vector of first-stage decisions X;* is fixed to a

result of the master problem

(this time no equations ©)

21
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UB=inf, LB=-inf,v=0

Y

> Solve master problem

A 4
Update vector of 1
stage decisions

v
Update LB | —=————— + LB = z EXlL*+n*

v leQLl+

Solve subproblem

4
Update vector of
uncertainty
realizations

T UB
UpdateUB | —————— + UB = min Z EXIL* + o Z CngE* + Z CL%SPC%S*
g d

[1-LP/UB| = A @

v=v+1

22
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Region A

Node 1
Line  B;[S] F™* IMW] T; [$] - 1076
4 500 150 0.7
5 500 200 14
6 500 200 1.8
7 500 200 1.6
8 500 150 0.8
9 500 150 0.7
l"G
0 0.2 0.4 0.6 0.8
0 1517 1517 1517 1417 1417 19
0.2 1517 1517 1517 1417 141719
l"D

0.4 1517 517 1517 1417 141719

0.6 1517 1517 1517 1417 1417 19

0.8 1517 1517 1517 1417 1417 19

23
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Conclusions

I. RO allows for dropping assumptions that a finite number of uncertainty
realizations exist with respective (known) probabillities.

ii. RO is particularly suitable when decisions are costly and protection against the
worst-case scenario is a must.

. RO allows for robustness control.

iv. Accuracy of RO models generally does not depend on the accuracy of the
uncertainty description.

Next steps (?)

I.  Updating the test case by adding gas system components.
ii. Integrating gas system objective/constraints/linkage into the model.
lii. Thinking it over...
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